We model the growth of ZnO nanowires via vapour phase transport and examine the relationship predicted between the nanowire length and radius. The model predicts that the lengths of the nanowires increase with decreasing nanowire radii. This prediction is in very good agreement with experimental data from a variety of nanowire samples, including samples showing a broad range of nanowire radii and samples grown using a lithographic technique to constrain the nanowire radius. The close agreement of the model and the experimental data strongly support supporting the inclusion of a surface diffusion term in the model for the incorporation of species into a growing nanowire.
Introduction
ZnO is a promising semiconducting material with exciting applications and a strong propensity to grow in nanostructured form, displaying a wide range of morphologies [1] [2] [3] sensitive to growth parameters such as temperature, substrate type and the method used to generate source species.
Because of this sensitivity and morphological diversity, greater theoretical understanding of the growth is required to reproducibly grow specific ZnO nanostructure morphologies, especially on an industrial scale.
Nanostructure morphology is key to functionality and in particular nanowire dimensions are relevant to many practical applications of ZnO nanowires, such as lasing threshold, 4 gas sensing applications 5 and voltage-current characteristics. 6 The relationship between the length and radius of a nanowire also gives us information about the growth mechanism of the nanowire. For all these reasons a clear understanding of the relationship between nanowire length and radius, and the underlying growth mechanism, are important goals for future applications of such materials.
The growth rate and final length of crystal whiskers has been the subject of many studies on various materials. Various hypotheses for the growth mechanisms in Vapour Solid (VS) growth have been proposed, including that only atoms striking the top of the whisker contributes to growth, 7 and that atoms striking the whisker elsewhere and diffusing to the top also contribute. [8] [9] [10] [11] The latter hypothesis has emerged as correct based on detailed studies. 11 Further complications are found for the case of vapour-liquid-solid (VLS) growth, where the catalyst particle properties strongly affect growth behaviour. [12] [13] [14] For the specific case of ZnO nanowire growth via a VS growth mechanism, very little work has been reported. Kim et al. 15 studied ZnO nanowires grown via Vapour Phase Transport (VPT) on small Au clusters. Oh et al. 16 studied ZnO and In-doped ZnO nanowires grown via VPT on both AuGe and Ti deposited Si substrates while Hejazi and Hosseini also studied Au catalysed ZnO growth. 17 In all these cases the influence of the metal/alloy catalyst is likely to complicate the situation and consequently the growth in the common VS mode remains essentially unexplored.
This paper presents a model specifically derived for the growth rate of ZnO nanowires via a VS growth mechanism using the common VPT growth method (and Carbothermal Reduction (CTR) of ZnO by graphite). Our previous work concentrated on generation and transport of source species and condensation/nucleation on the substrate. 18, 19 This paper builds on that work and specifically examines the kinetics of VPT growth of ZnO nanowires. We describe a model to calculate the growth rate of ZnO nanowires, allowing us to study the relationship between the length and radius of a ZnO nanowire. We also apply this model (with a reduced number of free parameters (using previous results from our group) to experimental results by calculating the number of atoms arriving at the nanowire. The model predicts the nanowire lengths increase with decreasing nanowire radii, in very good agreement with our experimental data from a variety of nanowire samples, including samples showing a broad range of nanowire radii and samples grown using a lithographic technique to constrain the nanowire radius. The close agreement of the model and the experimental data strongly support the inclusion of a surface diffusion term in the model for the incorporation of species into a growing nanowire. Given the paucity of previous theoretical work on this important aspect of ZnO nanostructures, we believe that the present work makes a significant addition to the literature, particularly since it builds on our previous work and makes use of the quantitative results therein to reduce the number of free parameters in our present model.
Experimental
Growth substrates were prepared with a ZnO buffer layer using a method combining drop coating and chemical bath deposition (CBD) 20 to provide energetically suitable nucleation/accommodation sites for ZnO nanowire growth. Non-metallic ZnO seeds and buffer layers were used, to eliminate the possibility of a vapour-liquid-solid (VLS) growth mode and ensure a vapour-solid (VS) growth mode. Equal amounts (usually 0.06 g) of ZnO powder and graphite are mixed together in a pestle and mortar. The resulting mixture is placed in an alumina boat and spread evenly over a width of In addition to the growth method described above, VPT growths in a specific amount of O 2 were also performed. To remove the residual O 2 , the furnace is flushed for 50 minutes with Ar before increasing the temperature. When a VPT growth is attempted after this purge is performed no ZnO nanowire growth is observed, indicating that all of the residual O 2 has successfully been removed. After this 50 minute flushing period, 2 sccm of O 2 is introduced to the gas flow mix.
This allows a better estimate of the precise gaseous composition arriving at the nanowire.
In addition to growth on unpatterned ZnO buffered substrates, arrays of ZnO nanowires are also grown by performing a VPT growth on a patterned ordered silica template produced by nanosphere lithography. 21 A substrate prepared with a ZnO buffer layer is coated with a self-assembled monolayer of 1.5 µm diameter polystyrene nanospheres, using the water transfer method, and allowed to dry. The resulting sample was annealed at 110 • C for 40 s. An acid catalyzed silica sol, of 0.5 ml tetraethyl orthosilicate and 0.5 ml hydrochloric acid in 20 ml of ethanol, was deposited into the interstitial spaces left exposed by the close packed nanosphere pattern. The latter was then removed by ultra-sonication in toluene first, followed by acetone. The remaining hexagonal silica surface lattice was densified by annealing at 400 • C with a 10 • C/min ramp rate. An SEM image of the patterned template is shown in Figure 2 . The majority of the substrate is covered by silica and ZnO will not nucleate/deposit in those areas. Only at the centre of the silica depressions, where the nanospheres were located, is the underlying ZnO buffer layer exposed, and thus only there will ZnO nanowire growth proceed during VPT growth. The radius of the exposed buffer layer regions on the patterned substrate tends to be rather uniform and leads to a uniformity in radius of the nanowires grown by VPT subsequently. This was finally used as the substrate on which to deposit the ZnO nanowire arrays by VPT. The ZnO nanowires were then examined using a scanning electron microscope (SEM, KarlZeiss EVO series). The images from the SEM are analyzed using ImageJ software. 22 
Model for growth rate
The model to find the growth rate of ZnO nanowires follows the model for mass transport model derived for metal-particle assisted growth of III/IV nanowires developed by J. Johansson 14 (including the assumptions on which that model is based as relevant here, i.e. steady-state diffusion on the substrate and nanowire walls towards the nanowire top and that the interwire separation is sufficiently large to prevent shadowing effects/competition for available source material). Slight amendments to the existing model were made to take account of the slightly different morphology observed in our grown nanowires, with flat top surfaces, compared to those with rounded top surfaces considered in the original model. Specifically, the model is altered for application to VS growth of ZnO nanowires on a ZnO buffer layer by considering a circular collection area for atoms/molecules on the top of the nanowire as opposed to a hemispherical collection area.
Growth is assumed in this model to only take place only at the top of the nanowire (i.e. material is incorporated only at the top surface of the nanowire), the radius is assumed to be constant throughout the growth. ZnO is an anisotropic material, with different values of surface energy for different faces which leads to preferential growth along the c-axis. The top of the nanowire, the (0001) basal plane surface, is a polar face that is either Zn or O terminated whereas the side faces of the nanowire are non polar. Although atom/molecule incorporation on the sides of the nanowire is possible, here we consider the ideal case where incorporation only takes place on the top of the nanowire. This assumption is supported by the extensive body of experimental evidence in the literature reporting ZnO nanorod/nanowire growth with the long axis parallel to the crystallographic c-axis and with large aspect ratios, in addition to the c-axis texture of most ZnO thin films. 23 Atoms/molecules can arrive from the vapour to the top of a growing nanowire in three ways as illustrated in The number density of atoms/molecules on the substrate is described by: 14
Where J s is the impingement rate of molecules onto the substrate, τ s is the mean lifetime of the molecule on the substrate, n s is the density of molecules on the substrate and D s is the diffusion constant for molecules on the substrate. The diffusion length of molecules on the substrate λ s is given by: λ s = √ D s τ s . Solving this with the boundary condition, n s (r = r w ) = 0 (see Figure 4 for a schematic diagram explaining the coordinates used), gives the number density of atoms/molecules on the substrate surface, which contains modified Bessel functions of the second kind, K 0 :
The number density of atoms/molecules on the nanowire sidewall can be described by the onedimensional diffusion equation where now the subscript w denotes values on the sidewall of the nanowire, with the main symbols retaining the same meaning (D for diffusion coefficient etc.): 14
This equation with the boundary conditions, n w (z = L) = 0 and D w
gives the density of molecules on the sidewall of the nanowire:
The flux from the substrate to the nanowire is given by J sw , whose exact form is:
The contribution of molecules from the sidewalls and the substrate to the length rate is:
Combining this with the contribution to the growth rate from direct impingement to the top of the nanowire ΩJ t (where Ω is the molecular volume of ZnO), and assuming that all the impingement rates are equal (i.e. J s = J w = J t = J, as implied by the assumption of no shadowing/competition effects), gives the total growth rate of ZnO nanowires:
We integrated the growth rate from zero to the growth time to give the length of the nanowire.
These calculations were performed using MATLAB. 24 The model shows that when molecules impinging directly onto the nanowire top are considered alone (i.e the growth rate = ΩJ), the predicted length of the nanowire is identical regardless of the nanowire radius. When molecules diffusing from the side walls are included in the model, the calculated length of the nanowire decreases with increasing radius. (7) above) is shown.
These lengths are constant for all nanowire radii. Figure 5 also shows the length when molecules diffusing from the sidewall (terms 1 + 2) and molecules from the sidewall and substrate (terms 1 + 2 + 3) are included in the model. There is no difference between these curves, indicating that the contribution of term 3 to the growth is negligible after the nanowire length exceeds the Zn diffusion length scale. After a growth duration of 30 minutes the molecules from the substrate no longer reach the top of the nanowire, so including this term does not affect the final length. The lengths shown in Figure 5 decrease with increasing radius. 
Results
Here we detail the comparison of the lengths calculated by the above model to experimental results.
There are three possible general outcomes of these measurements:
1. All of the nanowires are the same length regardless of nanowire radius. This would suggest that only molecules directly impinging on the top of the nanowire contribute to nanowire growth.
2. The length of the nanowires increases with decreasing radius, i.e. thinner nanowires are longer than thicker ones. This supports the need for inclusion of terms to account for molecules diffusing from the sidewalls of the nanowires to the top.
3. The length of the nanowires increases with increasing radius. This would indicate another physical effect, not considered in our analysis, at work during the growth. Figure 6 shows the results of VPT growth at a temperature of 1200 K for a duration of 1 hour.
ZnO nanowires grown via VPT
This figure shows clearly that ZnO nanowires with different radii have different lengths. The radii are thought to be determined by the underlying ZnO buffer layers, specifically the dimensions of the ZnO crystallites deposited by CBD. The measurements of these nanowire lengths and radii are shown in Figure 7 (a) and Figure 7 (b). The length as a function of radius found using the model is also shown. There is a significant degree of scatter in these measurements, due primarily to the random effects of shadowing of growing nanowires by other nanowires in close proximity (discussed below), as well as the possibility of some variations in the local impingement rate of source material from the vapour phase due to local turbulence and other effects. Hence we have performed averages of the experimental data, but there is no natural choice of dependent and independent variable between the nanowire length and and radius, so we have analysed the data treating first the radius and then the length as the independent variable. In Figure 7 The nanowires discussed in this section were grown in a specific amount of O 2 at a temperature 1200 K. This allows the calculation of a more precise value for the number of molecules arriving at the substrate. The impingement rate of molecules from a vapour can be calculated from the partial pressure of that vapour using the Knudsen relation: 26
We have found previously 19 Figure 8 : Nanowire length as a function of radius for sample grown for 40 minutes with a specific amount of O 2 and statistical analysis of data, as described in text Figure 9 shows the results for nanowires that were grown for 20 minutes in a specific amount of O 2 and with a similar statistical analysis to that shown for the data in Figure 7 and Figure 8 , treating the radius as the independent variable in Figure 9 (a) and the length as the independent variable in Figure 9 ZnO nanowires grown via VPT on an ordered arrays
There are issues to be addressed in the application of this model to our growth system. In the derivation of the model, it is assumed that the interwire spacing of the nanowires is large, which allows us to claim that the impingement of atoms /molecules onto the top of the wire is equal to the impingement of atoms/molecules on the sidewalls. As can be seen in Figure 6 , the nanowire density on most samples is large, indicating that the impingement rate of molecules on the sidewalls is less than the impingement rate of molecules onto the top of the nanowire due to shadowing effects and this is likely to be a cause of a substantial amount of the scatter of the experimental data seen in Figure 7 , Figure 8 and Figure 9 , as mentioned previously. One way to address this is to reduce the nanowire density by performing VPT growth on an ordered array template. Figure 10 shows the results of a VPT growth on a pattern ordered template array with a spacing of 1.5 µm. Nanowires grown on these templates are forced to have a narrower range of radii determined by the available contact area to the underlying ZnO buffer layer, as mentioned previously.
We would expect to find that nanowires with identical radii will have identical lengths. The lengths of ZnO nanowires grown on a template with spacing of 1.5 µm as a function of radius are shown in Figure 11 and with a similar statistical analysis to that shown previously, though for the data shown in Figure 11 the scatter in the data is sufficiently small to allow a single bin- for the experimental data in Figure 7 , Figure 8 and Figure 9 , as mentioned previously. tual measured values, as both the impingement rate of molecules and the diffusion lengths of the molecules are unknown. However, using an effective impingement rate deduced from the final nanowire density and dimensions, good agreement with experimental results is found. When growths are performed in a specific amount of O 2 , the impingement rate can be calculated. The best agreement is found for an impingement rate that is 75% the exact calculated value. This is a reasonable estimate for the number of molecules arriving at the nanowires and is consistent with the fact that the calculated pressure and impingement rates are upper bounds based on thermodynamics. 19 The lengths calculated for two different growth times agree with the measured values, subject to the caveat above, showing good agreement for the predicted variation of nanowire lengths with time with the average measured lengths showing an increase in value with decreasing radius.
Overall the experimental results support the inclusion of molecules diffusing from the sidewalls in a model to calculate the growth rate and radius dependency of the length of ZnO nanowires grown via VPT. We believe this work is novel in terms of applying a diffusion based model to the growth of ZnO nanowires because it uses an approach specifically derived for the growth of ZnO nanowires via a VS mechanism and by the use of a largely parameter-free analysis to deduce the impingement rate of atoms on the nanowire. This work may also provide a platform from which to begin comparisons between different ZnO nanostructure growth methods such as VPT and CBD, since studies of morphology variation with growth conditions in the latter CBD method have already been reported, 3 with some interesting similarities apparent between the two methods.
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